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Abstract 

o 

C^l ' A hidden generalized gauge symmetry of a cutoff QED is used to show the renormalizability 

bJQ 1 of QED. In particular, it is shown that corresponding Ward identities are valid all along the 

. renormalization group flow. We also derive the corresponding exact RG flow equation of 

the effective average action for a cutoff Ac/2 4 theory. Generalization to any gauge group is 
indicated. 

PACS numbers: ll.10.Gh, ll.30.-j, ll.10.Hi 

r^, - I. INTRODUCTION 

Diagrammatic proof of the renormalizability of QED in the BPHZ context is a lengthy derivation 
ljj. In 1984, Polchinski presented a simple proof using a version of Wilsonian renormalization group 
CSj ■ equation (RGE) for the Ac/? 4 theory [jj. Although Polchinski's proof of renormalizability could in 
principle be extended to QED, the manifest violation of gauge invariance in his momentum cutoff 
■ formulation was an obstacle to a straightforward proof. This 
now a well understood derivation of renormalizability of QED 



las been extensively studied and is by 
Q| (for recent reviews see and the 
literature therein). Yet, it remains an untidy procedure involving either complicated cutoff insertions 
or additional labor for the proof of Ward identities. 
5_i ■ In this work, we present a simple extension of Polchinski's proof of renormalizability to QED using a 

hidden generalized gauge invariance of the cutoff formulation, thus circumventing the need for explicit 
verification of the Ward identities. In Sec. II, we introduce our slightly modified cutoff procedure of 
Polchinski and apply it to the Ay? 4 theory. The cutoff procedure we use is simply multiplying the fields 
by a cutoff function in the momentum representation, as explained in Sec. II. This procedure has its 
origin in Kogut and Wilson's 0] "Incomplete Integration" , with which Wilson's exact RGE was first 
brmulated later. Wetterich introduced a similar concept of "average field" in the discussion of RGE 
?J , which was a precursor to his well-known presentation of exact average RGE 0, @-[l(3] . We arrived 
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at this cutoff procedure from an entirely different angle of translationally invariant noncommutative 
gauge theory fjl, 0], which led us to the symmetry of the cutoff effective action for gauge theories, 
explained in Sec. III. Here, we present the generalized gauge symmetry of the cutoff QED, and 
indicate its renormalizability. The cutoff procedure we use and the consequent symmetry can be 
easily generalized to the gauge theory with any group and matter field, including SU(N), as the 
noncommutative structure from which it is derived in Sec. Ill can be extended trivially to these cases. 
The point being that the "noncommutative geometric" structure we will be using, is in fact Abelian. 
For simplicity of presentation, we will restrict ourselves to the case of U(l) gauge group, QED. In Sec. 
IV, we derive the corresponding exact RG flow equation for the effective average action of A</? 4 theory 
using an IR cutoff function, a method developed in 0,0]. We will show that it is different from the one 
derived there. The main reason for this difference is the multiplicative nature of our cutoff function, in 
contrast to the additive IR cutoff introduced in 0, @] . Modifying each field with such a multiplicative 
cutoff, the cutoff function appears not only in the kinetic term, but also in the interacting part of the 
classical cut off action. It is interesting to generalize this procedure to gauge theories and to explore 
the possible practical consequences of the new exact average RG for the effective average action as 
well as the hidden generalized gauge symmetry along the flow, pointed out in this paper. The origin 
of this gauge symmetry will nevertheless be discussed in the conclusions, Sec. V, and Appendix A. 



II. MODIFIED CUTOFF REGULARIZATION 



In this section we redo Polchinski's proof of A</? 4 theory [2j by a slightly different cutoff procedure. 
The real scalar theory defined by the action 

S = J d A x [-\d^d^ + imV + (H i) 

and the momentum cutoff Ao in the Euclidean space is regularized by Polchinski via introduction of 
a momentum cutoff K\ (p) into the propagator, 

(II-2) 

The main property of the function K\ (p) is that it has a value equal to 1 for p 2 < Aq and decreases 

2 

rapidly for — > oo. An example is 



Ka ( P ) 



.2 / Ag 



1, p' < 

exp[(l - exp(4 - f < p 2 < A 2 , (11.3) 

0, p 2 > A 2 . 



The cutoff function K\ (p) effectively cuts off the momentum integral in all loops, rendering them 
ultraviolet finite in perturbation theory. The introduction of a cutoff function in the propagators, and 
consequently in all loops is an efficient procedure of implementing Wilson's renormalization group flow, 
as the cutoff momentum p can now be lowered all the way down to zero in the path integral for the 
effective action. The remarkable aspect of the introduction of the cutoff function in the loop integrals 
is that loop integrals can now be estimated easily and cutoff independence of Green's functions be 
demonstrated in a few steps in marked contrast to the lengthy BPHZ proof of renormalizability. 
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In this work, we propose to modify this procedure by extending the cutoff to all the terms in the 
action, and in fact to all fields. It must be immediately emphasized that multiplication of fields by a 
cutoff function is not a trivial field redefinition when the cutoff function vanishes for momenta larger 
than A. In our formulation we replace the field <p(p) by their cutoff counterpart 

h A (p)<p(p), (11.4) 

in momentum space. Here, the cutoff functions are assumed to vanish for p 2 > A 2 

h A {p) = 0, p 2 > A 2 . (II.5) 

This is therefore a straightforward implementation of Wilson's cutoff procedure executed directly on 
the fields rather than on the path integrals. 

In the original Polchinski's formulation, cutoff independence of the theory is 

dZ d d 



and, the running effective action is 



dp 



l _|_ yyj2 



(11.7) 



Equation flll.6jl then determines the running effective interaction lagrangian C int at the A scale, which 
now satisfies the functional differential equation 

ac int i r d A P i dK A ( P )\dc int ac int , d 2 c in 



dt 2 J (2vr) 4 p 2 + m 2 dt 



+ 



d(p(p) dtp(-p) d(p(p)d(p(—p) 



(II. 



Our formulation does not yet differ from Polchinski's as the functional C int is not yet specified. The 
difference shows up when expanding C int in a series in (p. 



C int (if,A) =X)rt~v / d ^tt) 8 "-^ 2 " L2n{j>u '" »P2n;A)(5(^pi) (pipx) ■ ■ ■ (p{p2n) 

n=l \ V y j 



(II.9) 



In Polchinski's formulation the renormalization flow equation (|II.8|) reduces to a set of equations for 
the coefficient functions Ii2 n (pi, • • • ,p2 n ,A), whose solution would give the effective action at scale A, 

d 

{-Q t + 4-2n)L 2n (pi,--- ,P2«;A) 

n , 

= ~/A Qa( p > rnj^eipi, ■ ■ • ,P2£-i; A)L 2n +2-2e(P2i, • • • ,P2n,~P; A) + permutation 

-\ J J0^ L2 ™+ 2 ^--- ,P2n,P,-P;A)Q A (P,m)\. (11.10) 



Here, P = YaLi Pi-, an d 



Qa(^-) = t^^ a2 ^7^- ( IL11 ) 
pi + m z at 



A convenient rescaling L,2 n — > A 4 2n L2 n has been inserted in (jll.iop . 
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In our formulation, however, the expansion in (|II.9|) has to be replaced by 

Ant(£,A) =X]72^)! / ^ ^27r) 8 "-4 2n L ' 2 "^ 1 '"' >P2 n ; A ) <J E Pi ) Mpi)£(pi) • • • MP2n)£(pan), 

(11.12) 

as every momentum space field <p(p) is rescaled and cut off by the cutoff function h\(p) from 
(jll.4|) . It may seem that the subsequent steps in renormalizality may get complicated, but this 
is not the case. In fact the resulting renormalization group flow equations for the function 
^a(pi) ' ' ' h\(p2n)L' 2n (pi, ■ ■ ■ ,p2n)&), now would be exactly the same form as (|II.10|) for the coef- 
ficient functions, where the function K^(p) of Polchinski has to be replaced by h^ 2 (p), see Q] for more 
details. The advantage of Polchinski's approach to renormalization is that the insertion of a cutoff 
function in the integrals allows him to estimate the coefficient functions L,2 n (pi,--- ,P2n) through 
functional analytic methods and put bounds on them; and then to prove cutoff independence of the 
Green's functions in perturbation theory, through a series of Lemmas. Note that in all this the func- 
tion K\ appears, as in (III. 81) . only in its derivative form dtK\, which does not affect the estimate 
arguments which involve various norms of functions. We will not go through the entire analysis, but 
only point out the validity of the procedure in our approach in cases where there is ground for doubt. 

The first instance that our approach may invalidate Polchinski's result is when a bound on 
^2n(^ij ' ' ' >P2n) is obtained through (|II.10|) using the bounds 

/ ^\QdP,m)\<CA\ (11.13) 



and 

d n 

Here, C and D n are appropriate constants. The result 



max 



< D n A~ n . (11.14) 



max 



4n(fti-.P2n;A) 



< 7> 2r _ n (ln^f), for r + l-n>0, 

= 0, for r + 1 — n < 0, 



(11.15) 



and similar bounds are central to the proof of renormalizability. In 15[) . is the r'th term in the 
perturbative expansion of Li2 n , and V 2r - n are polynomials of order 2r — n. 

In our case, 10|) involves h\(pi) ■ ■ ■ h\{p n )L 2n rather than L2n- One must make sure that the 
appearance of the h\s does not ruin the bounds in Polchinski and therefore ruin the arguments 
on renormalizability of the theory. We have identified the function K\ of (|II.2[) with h^ 2 of (|II.4p . 
Therefore if K\s should behave as in Polchinski's formulation, i.e. go to zero when p 2 approaches 
A 2 , and vanish for p 2 > A 2 , then h\ should become large as p 2 approaches A 2 . Of course, we set 
hk{p 2 ) = for p 2 > A 2 . Therefore in the left hand side (l.h.s.) of (jll.lOp . after inserting h\ ■ ■ ■ hAL' 2n 
for I/2n's, as the h^s are larger than one in their range of definition, they can be dropped in the 
ensuing inequality. On the right hand side (r.h.s.) of (|II.1Q|) . we now use the functional norm with 
an appropriate weight to kill off the value of h\ > 1 for p 2 — > A 2 , 1 leading to the desired inequality 
pLlS]) . this time for L 2n 's. 



See footnote on page 280 of Polchinski 
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III. GAUGE INVARIANCE OF CUTOFF QED AND WARD IDENTITIES 



The Polchinski's procedure was applied to QED very early and provided a simple proof of renormal- 
izability of the theory [jj. In QED there are now two propagators to cut off, that of the electron 
and that of the photon. This can be done with the same cutoff function. The renormalization group 
equation is similarly derived and estimates for the coefficient functions and bounds on Green's func- 
tions obtained. The situation is then a straightforward extension of the Xcp 4 theory. There is only one 
significant hurdle to overcome which has engaged authors of Refs. 0, Q] ever since and is the subject 
of the present work, i.e. the question of gauge invariance. 

The problem is that Polchinski's approach, and in fact any approach involving a momentum cutoff, 
inherently violates gauge invariance: Gauge invariance is a statement about the behavior of gauge fields 
in a space-time point, involving all momenta. Thus, at any finite cutoff scale A, the flow equation 
and its solutions are not gauge invariant. However, it was proved, that the final IR point of the flow 
A — > 0, the expressions for the quantum effective action and the Green's functions are indeed invariant 
0| . There were also nontrivial modifications of the cutoff procedure which were not gauge invariant 
all along the flow, but only at its end points. These formulations have been extensively pursued in the 



application of the exact renormalization group in such areas as QCD (see |5[ for recent reviews), and 
gravity In all these works derivation of the modified Ward-Takahashi identities is the essential 
complication. 

In this section, we will show that our version of introduction of the momentum cutoff in the theory 
ensures persistence of gauge invariance in the form of a generalized symmetry of the cutoff QED and 
derive the resultant Ward-Takahashi identities in a standard manner. We start from the classical 
action of QED 

S QED = J d 4 x| - ${vfdp - m)i> + efrfA^ + \f^ v + 1(^) 2 |, (III.l) 
with the cutoff function h\(p) inserted on each field in the momentum space 

V>0) -> h A (p)ip( P ), and Apip) -> h^A^p). (III.2) 

Here, the cutoff function h\(p) has the property of being equal to 1 for p 2 < A 2 and h\(p) — > 
rapidly for p 2 > A 2 . We denote this cutoff action as Sh A - This action has a symmetry which is the 
generalization of gauge symmetry of 5 QED . Whereas the gauge symmetry of S QED is 

e ie < x ^(x), $(x)^e- ie < x ^(x), A^ A^x) - d^x), (III.3) 

the symmetry of Sh A is similarly defined but now involves h,A- First note that when in momentum 
space two functions ip{p) and h\(j>) are pointwise multiplied, their corresponding functions in the 
configuration space, tp(x) and h\(x), are multiplied via convolution, 

Mp)V>(p) -> h A (x) o (IIL4) 
where convolution of two functions f(x) and g{x) is defined by, 

Cf° <?)(*) = j d 4 y f(x-y)g(y). (III.5) 
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The above mentioned gauge symmetry transformation of 5/j A is 

ij){x) -»• (hi 1 ) o [(h A o g)(h A o ^)]. 
Here, is the generalization of e tee<yX ^ defined by 

g(x) = 1 + iee(x) + ^(^a 1 ) ° K^A ° (iee))(h A o (tee))] 
The transformation of (x) is 



^AOffJ (^A ° *)J 



(III.6) 



(III.7) 



(III.8) 



These strange looking transformations come from a simple generalized noncommutative geometric 
construction described in the Appendix A. 

We note that the relations (jIII.6() and ()III.8[) . which are not local anymore, reduce to the usual 
gauge transformations of QED when h A = 1. These generalized "cutoff gauge transformations" are 
shown in the Appendix A to be the symmetry of Sh A . They ensure the "good" properties of the 
effective action Sh A all along the renormalization group flow, including transversality of the photon, 
and exclusion of unwanted non-gauge invariant terms in the effective action Sh A - 

We will now write down the consequent Ward-Takahashi identities, with the derivations described 
in Appendix B. There are essentially two different well-known such identities which take the following 
forms in our case, 



1 



5W 



-TP PnTT~, 7 



-eh A (p) 



d 4 



(2tt)' 



5W 



hk((l)h A (g ~ P) S ^r q _ p \ X(0) + h A (q)h A (q-p)x(q-p) 



5W 
$x{<l) 



0, (III.9) 



for the generating function W[J^,x,x] °f connected Green's function, and 



P%h 2 A (p)A^(p)-p^ 



sr 



SAJ-p) 



+eh A (p) 



d 4 q 
(2vr) 4 



<5r 



h A {q)h A {q - p)ip(q - p)-^ h h A {q)h K l {q - p) 

Sip(q) 



5T 



5ip(q-p) 



0, (111.10) 



for the generating functional rLA^,^,^] one particle irreducible (1PI) vertex functions. It is known 
that W[J^,x,x] an d T[A^,T/j,ip] are related through the Legendre transformation 



r[A^i>,i>] = w[j^x,x] 



(27T) 



x(i#(p) + i>ip)xip) + Ju,ip)^{-p) 



(inn) 



with respect to the sources (</^,X,x) corresponding to the fields (A^,ip,ip) in momentum space. The 
Ward identities OII.9P and (jlll.iop correspond to the usual Ward identities of QED with identical 
physical significance establishing the role of our generalized "cutoff gauge invariance" in the renormal- 
ization group flow and the renormalization program of QED. 
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IV. EXACT RG FLOW EQUATION FOR THE EFFECTIVE AVERAGE ACTION OF 

CUTOFF Xif 4 THEORY 



In a separate develo pm ent an alternative renormalization group equation was derived for the effective 
average action 0, E - 10 ] to be denned below. The idea was to add an IR cutoff term 



AS fe M = \J 



d 4 



(2vr)' 



(R k (q)Cp{-q)ip{q), 



(IV.l) 



to the classical action (jll. 1[) in the Euclidean space, and to modify in this way the standard effective 
action of the theory. In QIV.ip , the IR cutoff TZ k satisfies the following properties 



K k {q) 



- for k 
oo for k 





A or k 



oo. 



(IV.2) 



An example for 7Z k (q), which is also used in [lfj] is 

K k {q) ~ - 



(IV.3) 



that behaves as TZ k (q) ~ k 2 f° r fluctuations with small momenta q 2 <C k 2 , and vanishes for q 2 k 2 . 
Adding AS k [<p] to the classical action and integrating over all fluctuations to derive the effective action 
of the theory will induce automatically an effective mass ~ k to those Fourier modes of (p{q) with 
small momenta q 2 <fc 2 , and prohibit the high momentum modes with q 2 3> k 2 from contributing in 
the effective action of the theory. The resulting effective average action T k [<p] will depend on the scale 
k and satisfies the RG flow equation [see e.g. [a, [8-10] for a rigorous derivation of PV.4|) ] 



(IV.4) 



(2) 

where <fr = (tp) and dt = kd k . The trace involves an integration over momenta. Moreover, G k is the 
full connected two-point Green's function satisfying 



g[ 2) = K> + K k ] 



(2) 



(IV.5) 



(2) , - 

Here, T k is the exact of 1PI two-point vertex function, arising from variation of the effective average 
action T k [(p] two times with respect to <p. By definition, the effective average action interpolates 



between the classical action, T\ ~ So, and the full effective action T 



0. 



In Ta, A is a 



lim T k 

natural cutoff that characterizes the theory. The diagrammatic representation of pV.4p is presented 
in Fig. 1. 

In this section, we will present the exact flow equation of the effective average action of a cutoff \ip A 
theory with our cutoff procedure of (|II.4|) . Our goal is to compare the final form of the corresponding 
RG flow equation with (|IV.4|) . Applications of the new RG flow equation and the consequences of the 
new hidden gauge invariance, pointed out in Sec. Ill, will be presented elsewhere ll|. To derive the 
above mentioned flow equation, let us start by considering the action (jll. 1[) in the Euclidean space 
and to replace all fields <p(q) in momentum space by h k (q)(p(q). In contrast to h\ in (|II.4|) . h k (q) is 
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FIG. 1: Diagramatic representation of the exact RG flow equation (|IV.4[) . The thick black line represents the full 
connected two-point Green's function in the presence of the additional IR cutoff IZk (q) , i.e. Gj. 2 ' = [1^ +7Zk] _1 ■ 
The filled green box represents the insertion of a factor dtlZk- 



assumed to depend only on the momentum q and the RG scale k and not on the cutoff A. With this 
replacement, the modified cutoff action then reads 



S k [<p) 



1 f d A qi d A q 2 (2), v „, v v 
-Ti^-k (9i,92M9iM92) 



(2vr) 4 (2vr) z 



+ 



cftqi d A q. 



(2vr) 4 (2tt) 

where the cutoff functions T~L k 2 ^ and % k are defined by 



.94)^(91) £(92) £(93) £(9. 



4;, 



(IV.6) 



nf (91,92) 

^l 4) (9i,92,93,94) 



h k {qx)h k (q 2 )(ql + "i 2 )(5(gi + g 2 ), 
A 



4! 



hk{qi)h k {q2)h k {qz)h k {q A )8(qi + <? 2 + 93 + 94)- 



(IV.7) 



In App. C, we will follow the method described in [8(, 2 and will derive the corresponding exact RG 
flow equation to the action OV.6p . We will show that the RG flow equation of the effective average 
action of the cutoff \(p 4 theory is given by [see also (|C.11|) ] 

dTM _ 1 f Ai d% dnf ) {q l ,q 2 ) lA 2) l 
" 2 J (2vr) 4 (2tt) 4 



at 



at 



■[Gf( qi ,q 2 ) + 4>( qi )4>(q 2 )] 



+ 



d 4 qi d 4 q 4 dH k 4 \qi,--- ,g 4 ) 
(2tt) 4 ' ' ' (2^) 4 dt 



0(91)^(92)0(93)^(94) + ^\q l) q 2 )G[ I \q z ,q i ) 



+6Gi 2) (91,92)0(93)0(94) (ft, 92,93)0(94) + 4 4) (91, 



,94) 



, (IV.* 



f2*l f2'l f2l 

where the full two-point Green's function G^ (p, 9) are to be replaced by G^ (p,q) = G k (q)5(p — q) 
with G k 2 \q) = [rj^(g)] -1 . For the three- and four-point Green's functions, g! and G^ in the 
remaining terms of (jIV.8|) . they will be replaced by 



Gfc 3) (9i,92,93) 

4 4) (9i,- 



■[ri 2) (9i)]- 1 [rl 2) (92r 1 [ri 2) (93)]" 1 ri 3) ( ft , 92,93). 



•••,94) = -[ri 2) (9i)]- 1 --[4 2) (94)]- 1 rt 4) (9i,92,93,94) 

+3 [rffe)]- 1 ---^ (q,)}- 1 ! 0^[T^\£)]^r k 3 \ qi , q2 ,£)r k 3 \£,q 3 , qA ). (IV.9) 



The graphical representation of flIV.8j) is demonstrated in Fig. 2. At this stage a couple of remarks are 
in order. First, let us notice that in the cutoff Xtp 4 theory, the relations between the re-point Green's 



See also H0. 
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2 



o 



+ 



2 



-4B 



FIG. 2: Diagramatic representation of the RG flow equation of the corresponding effective average action for 
cutoff Xip 4 theory (|IV.8|) . The thick black line represents full two-point Green's functions = [rj. 2 -*] -1 . The 
filled red boxes and the small red circles represent the insertion of a factor d t Ti^ and dtW.^, respectively. The 
thin lines connected to Kl denote the background field <f> = (cp). The big gray and black circles are 1PI three- as 
well as four-point vertex functions, 1^ as well as respectively. 

functions and n-point vertex functions r[ are not directly affected by the cutoff function hk(q) 
[for a proof, see App. C]. This is in contrast to, e.g. pV.5p . where the ordinary relation between 
two-point Green's function and 1PI two-point vertex function is modified with an additional term 
including the cutoff function 1Zk{q)- As it turns out, this is because of the multiplicative nature of 
hk(q), in contrast to the additive nature of ASk from pV.ip . consisting of the IR cutoff function 
!Zk(q)- The second point concerns the appearance of new additional contributions in PV.8P compared 
to (|IV.4p . This is because in the cutoff Xip 4 theory, hk(q) appears not only in the kinetic part of 
the classical cut off action, as in the standard derivation of pV.4|) . but also in interaction part of 
the classical action, as all the new contributions are proportional to dtHu \ with from pV.7p . 
appearing in the interaction part of from pV.6p . It would be interesting to explore t he p ractical 



consequences of these new terms in RG flow equation pV,8p . This will be done elsewhere [111 ] . Let us 



also note that the procedure leading to (|IV.8P can be easily generalized to Abelian and non-Abelian 
gauge theories. As we have shown in the previous section, a new hidden gauge symmetry associated 
with the cutoff procedure used in this paper exists, which guarantees the gauge invariance along the 
flow equation. This is in contrast to the situation of the standard Wetterich's exact RGE, where the 
manifest gauge invariance is lost, because the regulator is not manifestly gauge invariant [5(]. 



In this work we presented the procedure of introducing a momentum cutoff in a field theory by directly 
cutting off the momentum on each field via a cutoff function. For QED the resulting exact renor- 
malization group flow equation was shown to respect a generalized "cutoff gauge invariance" which 
ensures renormalizability, and unitarity without the need for an explicit calculation using modified 
Ward-Takahashi identities. 




V. CONCLUSIONS 
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We need to emphasize that although the gauge symmetry found is motivated from a noncommuta- 
tive geometric setup, this symmetry is an inherent symmetry of ordinary QED cut off in momentum, 
in the spirit of Polchinski's procedure. Our cutoff procedure may also be applied to non-Abelian gauge 
theories in a similar manner and the resultant exact renormalization group flow be used for calculation 
of various nonperturbative quantities in QCD 0] and in gravity 

There is a subtle point that we would like to comment on in conclusion and that is the singular 
nature of our cutoff function h\{p). As stated earlier this function is quite general, subject only to 
the restriction that it be equal to unity for momenta smaller than A and vanishing rapidly above 
it. Strictly speaking this function should be chosen to be zero for p 2 > A 2 , for some Ai > A, as in 
(|II.3j) , and thereby effectively limit the domain of definition of the fields contained in the finite volume 
of p 2 < A 2 . This is basically what we have in mind and it makes the inverses of h\ well defined, 
as the domain of definition of fields will then be contained in this volume. In other words, in the 
expressions in the body of this work, the fields <p(x) should be understood as Fourier coefficients of 
the momentum space fields tp(p) which are defined only in the p 2 < A 2 region. This also resolves a 
puzzle that multiplication of the fields by a function h\, if it were smooth, would simply be a field 
redefinition of the theory and therefore physically trivial. It is also worth to notice that with the sharp 
cutoff function h\, the theory becomes a modified lattice field theory as the fields are now defined on 
a discrete set, although the gauge theory would not be the standard lattice gauge theory of Wilson. 

For a scale dependent cutoff function, hk, the RG flow of the effective average action is shown to 
be different from the standard flow equation from 0, [s - 10 ] . In 11], we will generalize the method 



leading to the exact RG equation of cutoff \<p A theory to gauge theories and will explore the practical 
consequences of the new generalized gauge symmetry together with the effect of new terms appearing 
in the RG flow equation pV.8|) of the effective average action corresponding to these cutoff gauge 
theories. 
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Appendix A: Noncommutative gauge invariance 

n this appendix, we review the generalized translationally invariant noncommutative field theory 
13l . [ul ]. and use the generalized gauge invariance of the relevant noncommutative gauge theory to 

prove the generalized cutoff gauge invariance in Sec. Ill, (|III.6|) and (|III.8|) . of the effective action Sh A - 
A general star-product of the algebra of functions is the generalization of the usual C*-algebra of 

pointwise multiplication algebra of functions. For a translationally invariant product, 

(f*g)(?) = J (0i (0 ^Mf(p-Q)m- (A-i) 

The point wise multiplication is the special case of K, = 1. Associativity of the algebra is the main 
constraint on the function /C. It is 

K(p, q)K(q, r) = £(p, r)K(p -r,q- r). (A.2) 
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It was shown in [2] that the following expression is a solution of (jA.2|) 

JC{p,q) = fe- 1 (p)/i( 9 )/i(p - g)e in(M) , (A.3) 

with 

Q(p, q) = 9 flu p fJ/ q l/ + 77(g) - 77 (p) + 7/(p - g). (A. 4) 

Here, /i(p) is an arbitrary real even and 77 an arbitrary real odd function. Moreover, 9^ is an anti- 
symmetric constant matrix. 

It is readily seen that for 9 7^ 0, the algebra is noncommutative, and it is commutative when 9 = 0. 
When 9 = and 77 = 0, the new star-product in the momentum space, involves multiplications of the 
functions of the algebra by the fixed function h 

(f*g)(x) = /^i htf/^f ^[h(p-q)hp-q)][h(q)m]- (A.5) 



thus 

d 4 q 

(27T) 



h(p)(f*g)(p) = I TT ±[h(p-q)~f{p-q)][h{q)~g{q)] 



= (hf)o(hg), (A.6) 
where the symbol o stands for the convolution product 

(/ 5)0*0 = J d A y f(x - y)g(y)- 

In the coordinate space, the product (|A.5|) could then be defined as 

(f*g)(x) = (h^)o[(hof)(hog)}, (A.7) 
where we have used the relation 

(Tg) = (fog). (A.8) 

It must be mentioned that as long as h is a smooth one-to-one map, the new star-algebra is an 
isomorphism of the algebra with the C*-algebra. However, there is nothing to forbid the function h 
to be singular. In fact, we have used such a singular h to cut off the momentum of the field theory 
in the text. In our case the function h effectively cuts down the domain of the function space. The 
inverse function appearing above should be understood in this context. 3 

The general star-product defined in (jA.lj) can be used to build a nontrivial "noncommutative field 
theory", where products of fields in the action are replaced by the new star-product Q, Q. In 
particular the action of noncommutative QED would have the form 



Sqed — I d x 



tK*7^ - m) * ip + eijj * -fA„ * ip + If^ * F^ + * (3 V A V 

1 

-- (ic * d^D^c - id^D^c * c) 



(A.9) 



3 In this Appendix, we have skipped the subscript A in /ia appearing in Sees. II and III. 
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where 



Ffxu = d^Au - d v A ii + ie (A^ *A V -A V * (A. 10) 

and D^c = d^c + ie(A fl ★ c — c-k A^). This theory is invariant under the star-gauge transformation 

$ ^ $ * 9~ l , and Af,^ g-kA-kg' 1 --g-kd^g' 1 , (A.ll) 



e 

where 



See 0,0 for more details. In this work we have limited ourself to the special case, albeit commu- 
tative, of 9 = 0, rj = in ()A.3|) . 4 To show the gauge invariance of Si lA in Sec. Ill under the gauge 
transformations (|III.6|) and (|III.8|) . it is enough to transform (|A.9[) into the momentum space using 
the definition of the star-product (|A.5|) and 

d*x(f*g)(x) = J ^h 2 ( q )f(- q yg(q), (A.13) 

where h in ()A.5j) is identified with the cutoff function h\ appearing in (IIII.2j) . The resulting expression 
will be equivalent with Sh A arising from pil.ip after the procedure described in f|III.2[) . The gauge 
transformations (|III.6[) and pil.8|) will then be equivalent with the gauge transformations (|A.11|) with 
star-products defined in (|A.7p . 

Appendix B: The Proof of Ward identitiies 

To prove the Ward identities of cutoff QED, we start with the generating functional for the full Green's 
functions 

Z[J» X,x} = I Th/i VA^ e iS ™ , (B.l) 

with 5 tot = S QEU + Source- Here, 5 QED is given by (|A.9|) . where the ghost terms can be ignored, and 

S sourcc by 

Source = J ( X * V + j> * X + Jn * A") ■ (B.2) 

Varying Z[Ju,x,x] i R (|B. 1|) with respect to the star- gauge transformation (|A.11|) and replacing the 
star-products with the expression on the r.h.s. of (IA.13j) to introduce the cutoff function h\, we arrive 
at 

1 



4 



-eh\(p) 



d 4 



h\(j> - q)ip(q - p)hA(q)x(q) - h A (p - q)x(q - p)hiv{q)^{q) 



Z = 0. (B.3) 



4 With this special choice of 9 and rj, the field strength tensor (|A.10[1 turns out to be the same as in commutative QED. 
The ghosts will also decouple from the theory. 
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Using the relations 5 



$ip) = h A 2 (p) 



SZ 
i8%ip) ' 



iP(p) = -h A 2 (p) 



bZ 
iSxip)'' 



5Z 



i6JJ-p) 



(B.4) 



and replacing Z[Jp,x,x] by Z = e tW , with W[J^,,x,x] the generating function of connected Green's 
functions, we arrive at 



1 2 5W 



+eh A (p) 



+ h 2 A (p)p^(p) 



hA(q)h A (q - p) 



(2nY 



5W 



$x{q-p) 



X(q) + h A (q)hx(q-p)x{q-p)^ 



5W 



Sx(q) 



0. (B.5) 



To derive ()B.4p . h A {p) = h A (—p) is used. To arrive at the Ward identity in terms of rL4^, ^ ^j, the 
generating functional for 1PI Green's function, we use the Legendre transformation pil.lljl leading to 



5W 



5Jf(-p) 



h\{p)Mp), 



Mp) = -h- K 2 { P y 



sr 



6A»(-p) 

Plugging these relations in (|B.5p . we arrive at 

i (5r 

5 S\{-P) 



5W 



$x{p) 

X(p) = ~h A 2 (p) 



h A (p)$(p), 



6T 

Hip) 



5W 



Sxip) 

X(p) = hl 2 {p)-^— (B.6) 



ST 

Hip) 



+eh A (p) 



d 4 q 

W) 4 



ST 



ST 



h A {q)h A {q-p)^{q-p)— h h A {q)h A {q-p) 

Sip(q) ' oip{q-p) 



ij>iq) 



0. (B.7) 



As a first example on the application of (1B.5|) . let us differentiate it with respect to J u {p') and set 
eventually = % = x — 0- We arrive at the Ward identity for the full photon propagator of the 
cutoff QED in momentum space, D'f', 



P p^h A {p)D^ A {p) =p v 



Here, we have used (|B.6j) to get first 

sw 



5J^-p)5J u (p>) 



h\(p){A»{p)A%-p')), 



(B. 



(B.9) 



^m=X=X=0 

and defined the full cutoff dependent photon propagator \p) by 

ib%(z>)5ip-p') = (A»ip)A»{-p')). 
Equation ()B.8p is in particular satisfied by tree level photon propagator of cutoff QED [2] 



DT(P) 



ih A 2 (p) 



p* 



<T-(i-0 



p2 



(B.10) 



(B.ll) 



We follow the notations in [If 
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As a second example, let us differentiate (|B.7|) with respect to ip(—£) and ip(k) and set eventually 
A/j, = if) = ip = 0. Using (IB,6j) . we arrive at 



-p^ A (-£-p, -£; -p) 



5 3 r 



h A (p)h A (l+p)h A (£y 
where the 1PI three point vertex function 

f^(k,-£; -p)5{k+p + l 

5i){k)5^(-l)5A^-p) 

as well the fermionic 1PI two-point function at finite cutoff A 

5 2 r 



hi 2 (e + p)s A - 1 (£ + P )-hi 2 (£)s A - 1 (£) 



(B.12) 



(B.13) 



Av.=i)>=i>=0 



S7 1 (e)d(k + £) = 



(B.14) 



are introduced. Taking the limit p — > in (|B.12p and using h A (0) = 1, we arrive at the standard 
relation 



tl(-£,-£;0) = e^l. 



(B.15) 



Assuming that h A {p) is a nearly constant function for \p\ < A, and using 6 



S A \£) = hi(£)S-'(£), 

rm,£; P ) = h^h^h^t^kj-p), 



we get 



dS^(£) 

dlu. ' 



(B.16) 



(B.17) 



where Soo and T^q are the 1PI two- and three-point ertex functions of QED in A — > oo limit. Assuming 
at this stage that (1B,17|) is also valid for renormalized Green's functions [f ^,] r = Z^Z 3 1 ^ 2 f^> and 
[^oo 1 ]?- = -^T^oo 1 ) as wen as f° r renormalized coupling e r = Z 1 Z 2 ~ 1 Z 3 1 ' 2 e, with Z l5 Z 2 and Z 3 the 
renormalization constants corresponding to the vertex function, fermion and photon propagators, 
respectively, we arrive at Z\ = Z2. 



Appendix C: Exact RG flow equation of cutoff \(p 4 theory 

Let us start by considering the bare action of At/? 4 theory in Euclidean space (jll.ip . As we have 
explained in Sec. IIVI each field (p{q) shall be replaced by hk(q)(p(q), where k is the renormalization 
scale. The modified classical action is then given by (|IV.6|) with the cutoff functions given in (IIV.7j) . 
The corresponding generating functional of this cutoff theory then reads 

Z k [J] = Jvv exp (-S k [p] + J ^hl(q)J(-q)<p(q)) , (C.l) 
6 Relations (|B.16[) are shown to be valid at one-loop level (see [3] f° r more details). 
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where h k (—q) = h k (q) is assumed. The Legendre transformation between W^[J] = lnZ^fJ], the 
generating functional of the connected Green's function, and the 1PI effective average action, T k [(p] is 
given by 



-w k [J] + I 7^K(Q)J(-imq), (C2) 



where 4> = (if) , and 

SW k [J] 
SJ(-q) 



(27TY 



ht(q)4>(q). (C.3) 



It is the purpose of this appendix to derive the scale dependence of To do this, we will follow 



the method described in 
at 



10]. First, we differentiate Tk[<j>] from (|C.2p with respect to k and arrive 



onm _ aw tlJ} + 2 1 a hM 6j>M J( _ q)m /esM h (c . 4) 



dk dk J (2vr) 4 dk K y/rw \ dk 

where ()C.3|) and the standard notation 

(0[ip\) = Z k l [J] J Vf 0[<p] exp (-S k [<p\ + J ^hl(q)J(-q)(p(q)\ , (C.5) 
are used. Plugging now PV.6P in (]C.4p . we get 

dT k [<f>] /dS k [f}\ 1 f d% d% dH ( i * ) (q 1 ,q 2 ) / „, w 



dk \ dk I 2 J (2vr) 4 (2tt) 4 dk 

f Ai d 4 QA dH k 4 \qi,--- ,94),-, w u (nr , 

+ JW^" dk MfcM*M»Mft)>. (c- 6 ) 

At this stage we shall replace the two- and four-point Green's functions appearing on the r.h.s. of 
(|G6P by a combination of connected and disconnected Green's functions. To do this, let us vary 
W k [J] = In Z k [J] two times with respect to J to get 

5 2 W k [J] 1 5Z k [J] 5Z k [J] 1 6 2 Z k [J] 



5J(- qi )5J(-q 2 ) Z 2 k [J]5J(- qi )5J(-q 2 ) ' Z k [J]6J(- qi )8J(-q 2 ) 

= h 2 k ( qi )hl(q 2 ) (-4>( qi )4>(q 2 ) + (f(qi)f(q 2 ))) . (C.7) 

Here, the definition of Z k [J] from (]C.1|) is used. Defining then the connected n-point Green's functions 



as 



S " ]VlAJ] - - hlfa) ■ ■ ■ hl(q n )G k n \ qi , • • • , q n ), (Ci 



SJ(-qi) ■ ■ -J(-qn) 

and plugging the corresponding relation for n = 2 on the l.h.s. of ()O.T|) . we get the standard relation 

(0(gi)0(<&)) =G k 2) (quq 2 ) + ^(q 1 )~4>(q 2 ). (C.9) 
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Similar relation exists also between the connected four-point Green's function G k (91, 
{ l p(qi)<p(q2) ( f l (q3) ( p(q4:)} appearing on the r.h.s. of ()C,6p . It is given by 

( 4 ), 



, (74) and 



(^(91)^(92)^(93)^(94)) = Gl'iqi,--- ,94) 

(3) ~ (3) ~ (3) ~ (3) 

+GI (91,92,93)0(94) + G K k '(qi, q 2 , 94)0(93) + G\ (91, 94, 93)0(92) + G\> (94, 92, 93)0(91) 
+G|(9i,92)0(93)0(94) + ^(91,93)0(92)0(94) + G\{qi, 94)0(92)0(93) + G|(92, 93)0(9i)0(94 
+^(92,94)0(91)0(93) + ^(93,94)0(91)0(92) 



+4 2) (9i, 92)4 2) (93,94) + 4 2) (9i, 93)4 2) (92,94) + 4 2) (91, 94)4 2) (92,93) 
+0(9i)0(92)0(93)0(94)- 

A 2 ), 



(CIO) 



Plugging (IC.9h and (jClOj) in (|C,6h and using the symmetry of %)^ ) {qi, 92) and H k (qi, ■ ■ ■ ,94) under 
permutation of 9j,i = 1, • • • ,4, we arrive at the flow equation of T/J0] in terms of the connected 



n = 1, • • • , 4-point Green's functions 



dt 2 
d 4 9i 



ar fc [0] _ 1 /• Ai A2 ^j 2) (gi, 92)^(2) 



(2tt) 4 (2vr) z 



dt 



[Gf (91, 92) + 0(9i)0(92)] 



+ 



d 4 94 dn'jpiqi,--- ,94) 



rVj , ; , );t) : .„ ,0(91)0(92)0(93)0(94) + 3Gf (91, 92)^ (93,94 

+64 2) (91, 92)0(93)0(94) + 4Gf } (9i, 92, 93)0(94) + G< 4) (?i, ■ ■ ■ , 94) 



.(C.11) 



This flow equation is to be compared with the standard flow equation (|IV.4p . where only a term 
similar to the first term on the r.h.s. of (|G.lip appears. The appearance of additional terms in (|C.lip . 
including the contributions of G k (q\,--- ,q n ),n = 1, ■ ■ ■ ,4, is, in particular, a consequence of the 
replacement of (p{q) by hk(q)&(q) in the interaction term of the original classical action, in contrast 
to the standard procedure [a. la-tlC | . 

In a last step, we shall use the relations between the connected n-point Green's function, 



Gt\, 



, 9„), defined in (|G.8p and the 1PI n-point vertex functions, 1^ (91, • • • ,q n ), defined by 



L k (9i, 



50(9i ) • • • 54>(q ri 



(C.12) 



to replace (q±, ■ ■ ■ ,q n ),n = 1, ■ ■ ■ ,4 in (jC.lip by the corresponding expressions in terms of 
^^(91, ■ ■ ■ , 9n)- To do this, let us first consider the relation 



d A h SJ(-qi) 



(2vr) 4 50(h) 5J{-q 2 ) 



HQi ~ 92)- 



It can easily be shown that 
5J{-q x ) 



h- k \ qi )Tf{ qi Ai), 



and 



mi) 

6J(-q 2 ) 



h 2 k (q 2 )G ( k 2) (e 1 ,q 2 ). 



(C.13) 



(C.14) 



Plugging (iGTill in (IDIi, and using G i k 2) {£ 1 ,q 2 ) = Gf (q 2 )6(h - 92) as well as if^gi,^) = 

•ating over £±, at 

4 2) (9)ri 2) (9) = i- (C15) 



(2) 

(91)^(91 — h), we arrive, after integrating over £\, at 
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This is the standard relation between G k (q) and T k (q). In contrast to pV.5p . the cutoff function 
hk(q) does not appear in (|C.15|h This is because of the multiplicative nature of the cutoff function 

(3) (3) 

h k {q). Similar relation can also be derived between GY and TY ' . It is simplify given by 



G^iquq^qs) = -[r^Cft)]- 1 ^^)]- 1 ^^)]- 1 ^ ( qi ,q 2 ,q 3 ), (C.16) 
which is derived by differentiating (|C.13p with respect to J{— q 3 ), and plugging ()C.14p as well as 



S 2 J(-qi) 



dmWi-qs) 
5 2 4>(h) 
5J(-q 2 )5J(-q 3 ) 



K 2 (qi)hl(q 3 ) 



d 1 



G k 2) (e 2 ,q 3 )r k °'( qi ,e 1 ,e 2 ), 



(3), 



hl{qi)Kt{q 3 )Gf(h,qi,q 3 ). 



(C.17) 



in the resulting expression. Similarly, to determine the relation between G k and rl , we differentiate 
(|Q"T3l) with respect to J{-q 3 ) and J{-q A )- Plugging ([UjTl) and 

S S J(-1l) _ u -2r- \u2,„ ^2/„ J f d% ^(3) 



l)SJ(-q 3 )5J(-q 4 ) 
S 3 4>(h) 



K (qi)h k (q 3 )h k (q 4 



(27T) 



G k 0> (£2,q3,q*)r k 3 \qi,h,£2) 



+ 



^^G k 2 \t 2 ,q 3 )G^\t 3 ,q^\q 1 J 1 ,t 2 ,l 3 : 



(2vr) 4 (2vr) 4 
hl{q2)hl{q 3 )h 2 k {q A )G { k ) (t 1 ,q 2 , q 3 ,q4>, 



6J(-q 2 )5J(-q 3 )6J(-q A ) 
in the resulting expression, we arrive after some algebra at 



(C.18) 



cffai, • • • ,94) = -[rffe)]- 1 • • • [T { k 2) (q4)]- 1 S [ r k i \q 1 ,q 2 ,q 3 ,q,) 



^ [r (2) ( 
(2vr) 4L fc 1 



r£ 3) (gi, 92, *)if } (£, 93, 94) + r< 3) (91, 93,^)rf 92, 94) 



+ri 3) (9i,94,^)rl 3) (^,92,93) 



(C.19) 



where ([015]) and (fOT6]) are also used. Plugging ([CT5]) , (fOl"6]) and ([019]) in the flow equation (fO~TT]) 
and using the symmetry of the cutoff function H k (qi, • • • ,94) under permutation of qi, i = 1, ■ • • , 4, 
we arrive at pv.8p . 
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